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We extend previous studies on transport through ballistic chaotic cavities with spatial left-right 
(LR) reflection symmetry to include the presence of direct processes. We first analyze fully LR- 
symmetric systems in the presence of direct processes and compare the distribution w(T) of the 
transmission coefficient T with that for an asymmetric cavity with the same "optical" S matrix. We 
then study the problem of "external mixing" of the symmetry caused by an asymmetric coupling 
of the cavity to the outside. We first consider the case where symmetry breaking arises because 
two symmetrically positioned waveguides are coupled to the cavity by means of asymmetric tunnel 
barriers. Although this system is asymmetric with respect to the LR operation, it has a striking 
memory of the symmetry of the cavity it was constructed from. Secondly, we break LR symmetry 
in the absence of direct processes by asymmetrically positioning the two waveguides and compare 
the results with those for the completely asymmetric case. 



PACS numbers: 73.23.-b, 73.23.Ad 



I. INTRODUCTION 



The problem of chaotic wave scattering is of great in- 
terest in various branches of physics, like optics, nuclear, 
mesoscopic and microwave physics. 

The study of quantum-mechanical scattering problems 
whose classical dynamics is chaotic has been further moti- 
vated by recent experiments on quantum electronic trans- 
port in microstructures consisting of a cavity connected 
to leadso. We know that symmetries have very interest- 
ing effects on the properties of the electric conductance 
in mesoscopic; systems: time-reversal and spin-rotational 
symmetriesou, as well as spatial-reflection symmetrieafra 
have been studied in the literature. 

The problem of electronic transport through asymmet- 
ric (AS) chaotic cavities is addressed in detail in Ref. || 
in an independent-electron approximation. In that refer- 
ence, the possibility of direct processes due to the pres- 
ence of short paths is accounted for by specifying the 
average, or optical, S matrix (S), within an information- 
theoretic approach. The statistical distribution for the S 
matrix is known as Poisson's kernel, in which (S) enters 
as a parameter. When (S) — 0, i.e. in the absence of di- 
rect processes, the statistical distribution reduces to the 
invariant measure for the appropriate universality class. 

Microstructures with reflection symmetry and a 
chaotic classical dynamics are studied in Refs. || and ||. 
The analysis is performed in the absence of direct pro- 
cesses, so that the statistical distribution of the S ma- 
trix is the invariant measure for the universality class in 
question and the relevant spatial symmetry: the latter is 
a symmetry of the full system under consideration, i.e. 
the cavity plus the two leads that connect the cavity to 



the outside. 

One purpose of the present paper is to extend the study 
of Refs. |J and |^ to include the presence of direct pro- 
cesses. We consider two-dimensional systems with spin- 
less particles and concentrate on left-right (LR) symme- 
try only, i.e. symmetry under reflection through an axis 
perpendicular to the current. We also restrict the analy- 
sis to time-reversal- invariant (TRI) problems. One par- 
ticular way of inducing direct reflections is by adding 
potential barriers between the symmetrically positioned 
waveguides and the cavity. If the two barriers are equal, 
the system is fully LR symmetric; if the barriers are dif- 
ferent, we have a LR-symmetric cavity coupled asym- 
metrically-Xo the outside: using the jargon of nuclear 
physicistsLl, we shall refer to this type of symmetry break- 
ing as "external mixing" , with an obvious meaning. An 
interesting question, amenable to experimental observa- 
tion, is that of the interplay between the symmetry of 
the cavity and external mixing in the statistical distribu- 
tion of the conductance of such a structure: the study of 
that interplay is the second main purpose of this papei™ 
From an experimental point of view microwave cavitiesu 
and acoustic systemsEI might represent good candidates 
to study these questions. 

That interplay may also be there and have interesting 
effects when (S) — 0, as in the case of a LR-symmetric 
cavity coupled to the outside by two waveguides free of 
potential barriers but asymetrically located. This prob- 
lem can be addressed from the point of view of the sys- 
tems described in the previous paragraph in the following 
way. One may think of a LR-symmetric cavity coupled 
to the outside by four waveguides, also placed symmet- 
rically. We can break the symmetry by providing the 
two waveguides on the right-hand side of the cavity, say, 
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with identical barriers. The desired problem is then ap- 
proached in the limit of impenetrable barriers. 

The paper is organized as follows. In order to make 
the paper reasonably self-contained, we summarize in the 
next section a number of concepts that we shall be us- 
ing throughout the paper, like the invariant measure and 
Poisson's kernel for S matrices and their application to 
chaotic scattering in AS cavities, and the invariant mea- 
sure for LR-symmetric systems. Sec. [II deals with the 



problem of fully LR-symmetric systems in the presence 
of direct processes. The distribution of the conductance 
is calculated for the particular case of one open channel 
in each lead and a diagonal optical matrix (implying di- 
rect reflections), and contrasted with the one obtained 
for an AS chaotic cavity and the same optical matrix 
(S) . Different barriers added to the two waveguides of an 
otherwise fully LR-symmetric system with no direct pro- 
cesses give rise to direct reflections and external mixing: 
the problem is studied in Sec. IV. Again, the conduc- 



tance distribution is computed for the one-channel case 
and contrasted with the one obtained for an AS chaotic 
cavity with the same optical matrix (S). The problem of 
external mixing in a LR-symmetric cavity with asymet- 
rically positioned leads and (S) = is addressed in Sec. 

The conductance distribution is calculated and com- 
pared with the one arising from the invariant measure in 
the AS case. Finally, for the sake of completeness, we in- 
clude a number of appendices where some of the results 
mentioned in the text are derived. 



II. THE S MATRIX AND ITS STATISTICAL 
DISTRIBUTION 

A. The scattering problem in the absence of spatial 
symmetries 

A single-electron scattering problem can be described 
by the scattering matrix S, which in the stationary 
case relates-, the outgoing- wave to the incoming- wave 
amplitudes!!^. For a ballistic cavity connected to two 
leads, each with N transverse propagating modes (see 
Fig. [I]) , the S matrix is n = 2 A-dimensional and has the 
structure 



S = 



r f 
t r' 



(2.1) 



where r, r' are the N x N reflection matrices (for inci- 
dence from either lead) and t, t' the corresponding trans- 
mission matrices. 

From the S matrix we can construct the total trans- 
mission coefficient, or spinless dimensionless conductance 

T = tr , (2.2) 

which is proportional to the conductance of the cavity, 

G = (2e 2 /h)T, (2.3) 



the factor 2 arising from the two spin directions. 
S 




FIG. 1. A ballistic chaotic cavity with scattering matrix 
given by So connected to two waveguides by means of two 
barriers with scattering matrices Si and 5 , 2- 

In Dyson's schemeQ there are three basic symmetry 
classes. In the absence of any symmetry, the only re- 
striction on S is unitarity, i.e. 



(2.4) 



resulting from the physical requirement of flux conserva- 
tion. This is the "unitary" case, also designated as {3 = 2. 
For orthogonal symmetry, or /3 = 1, S is symmetric, i.e. 



S = S 1 



(2.5) 



because one has either time-reversal invariance (TRI) and 
integral spin, or TRI, half-integral spin and rotational 
symmetry. In the "symplectic" case ({3 = 4), S is self- 
dual because of TRI with half-integral spin and no rota- 
tional symmetry From now on we consider the scattering 
problem of "spinless" electrons, so that the case f3 = 4 
will not be touched upon. 

A convenient par^metrization of the S matrix is the 
polar representatior 



S = 



V! 

v 2 



h 



v 3 
v 4 



(2.6) 



where r stands for the iV-dimcnsional diagonal matrix 
of eigenvalues r a (a — 1, ... , N) of the Hcrmitian matrix 
tt'; Vi (i = 1, . . . ,4) are arbitrary N x N unitary matri- 
ces for (3 = 2, with the restriction v% = vf , i>4 = for 
(3 = 1. 



1. The invariant measure 



When the classical dynamics of the system is chaotic, 
a statistical analysis of the quantum-mechanical problem 
is called for. That analysis is performed in terms of "en- 
sembles" of physical systems, described mathematically 
by an ensemble of S matrices, endowed with a probabil- 
ity measure. The starting point to such an analysis is the 
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concept of invariant measure, which is a precise formula- 
tion of the intuitive notion of equal a priori probabilities 
in the space of scattering matrices. 

The invariant measure, to be designated as dfx^'(S), 
is invariant under the symmetry operation which i s r . eL - 
evant to the universality class under considerationliilEJ, 
i.e. 



d^{S) = d^\U SV ) 



(2.7) 



Here, Uq, Vq are arbitrary but fixed unitary matrices in 
the unitary case, while Vq = Uq in the orthogonal one. 



Eq. (2.7) defines the Circular (Orthogonal, Unitary) En- 
sembli 



es (COE, CUE), for (3= 1,2, respectively. 



2. Chaotic scattering by AS cavities 

The information-theoretic approach of Refs. [l5|JTr^ 
leads to— the probability distribution known as Poisson's 
kcrncffiil 



W . c . _ [det(/-(S)(S)t)p»+2-«/2 



!dct(/-5(5)t)|/3»+ 2 -' 3 



d^(S), 



(2.8) 



where the invariant measure is assumed normalized, i.e. 

d^(S) = l. (2.9) 



Here, n — 2N is the dimensionality of the S matrix and 
(S) is the averaged, or optical, S matrix, which describes 
the promt response arising from direct processes. 

In the absen ce o f direct processes, (S) — and Pois- 
son's measure ( |2.8| ) reduces to the invariant measure for 
the universality class in question. In terms of the po- 
lar representation, the invariant measure can be written 
asffl 



d^W (S)=pW ({r})Y[dr a l[d^(v t ) 



Here, the joint probability density of {t} is 



J/3) 



({r}) = C [i H\r a -T b fY[r l 



{0-2)11 



(2.10) 



(2.11) 



a<b 



Op being a normalization constant and dfj,(vi) denoting 
the invariant measure on the unitary group U(N) for ma- 
trices Uj. 

For (5) 0, a useful construction of Poisson's ensem- 
ble is given in Refs. Consider the system shown 
in Fig. [I]: it consists of a cavity described by the n- 
dimensional scattering matrix So , connected to two leads 
by the tunnel barriers described by the n x n scattering 
matrices 



Si = 

s 2 = 



n t[ 

ti ri 

r 2 t' 2 

t 2 r' 2 



(2.12) 
(2.13) 



respectively. We bunch the two leads into a "superlead" 
and construct the 2n x 2n scattering matrix Sb 



Si, 



n t' b 



n o t[ o 
r' 2 t 2 



r[ 
t' 2 





''2 



(2.14) 



Here, the various blocks {r b , etc.) are n-dimensional. 
The scattering matrix Sq for the cavity can be written 
in terms of the scattering matrix S for the full system 
{cavity + barriers} as 



s o = tt(S -n) 



I-r\S 



(2.15) 



One can proveliSliatSEll that between the invariant mea- 
sures for Sq and for S we have the Jacobian 



|det(/- S(S}l)\P n + 2 -P 



(2.16) 



Now, if the matrix 5*0 for the cavity is distributed ac- 
cording to the invariant measure, i.e. dfi^ (Sq) , the dis- 
tribution of the transformed S satisfies 

dP{S) = d(J, W (S ) (2.17) 
the optical S being given by the 



and we obtain Eq. (2. 
n-dimensiona! matrix 

(S) = n 



n 

r' 



(2.18) 



The N = 1, f3 = 1 case. The T distribution. We now 
consider the distribution of the S matrix for the system 
shown in Fig. |l| for the case N = 1 and (3 = 1. The matri- 
ces Sq of the ballistic cavity, Si and 5*2 of the two tunnel 
barriers and S [relat ed t hrough Eq. ( 2.15[) 1 are 2x2 and 
have the str uctu re (2.1) with t' = t. In the polar rep- 
resentation (|2.6j) we have three independent parameters 

The 



ip, where we have written v\ = e 



''2 



J4> 



range of variation of these parameters is taken to be 



r e [0,1], 
We [0,2tt]. 

In terms of them, S can be written as 



r t 
t r' 



-VT 



: e i{<f>+tli) 



*(0+V>) y/T^Te 



(2.19) 



(2.20) 



and the invariant measure of Eqs. ( ^.10| ) and (2.11) as 



3 



dn(S) 



dr d<j) dip 
Vr 2?r 2tt' 



(2.21) 



The distribution of S is given by Poisson's kernel, with 
the optical S matrix 



'*"> ' '' ( r" 



(2.22) 



Substituting (S) in Eq. (2.8), Poisson's measure can be 
written as 



dP riA {S) = 



[(i-H 2 ) (i-l^l 2 )] 



3/2 



|(1 - rr\) (l - r'r' 2 *) - t 2 rx*r. 



—3 MS) ■ 



By definition, the resulting distribution of the trans- 
mission coefficient T can be expressed as the integral 



w r 



:(X) 



S(T-t) dP rx y(S). 



(2.24) 



w ,r'(T) = 



/ 9\ 3 / 2 

(i-k 2 l 2 ) 



2-JT 



l F 1 (3/2; 3/2; 



^ 2 | 2 (1 



T) 



(2.28) 



2-F1 being a hypergeometric function0. 

As a check, we consider two limiting situations. Firstly, 
for r' 2 = we have a ballistic cavity without prompt re- 
spon se. T he probability distribution for S, dPp, o(S) [sec 
Eq. (2.27)], goes back to the invariant measure ( [2.21 ), as 
it should. Secondly, we obstruct the right lead by making 
the barrier there a perfect reflector. As a result, r' 2 = — 1 
and it can be shown (see Appendix [A]) that dPoy (S) 
reduces to 



(2-23) dP ,-i(S) =5{ T )d T 



d<p 1 
2^2 



+ 5(ip-3- 



dip, 



(2.29) 



where the angles in the arguments of the delta functions 
are defined modulo 2tt. We see from the above expression 
that the distribution of r is a one-sided delta function at 



For this distribution, Ref. |6J gives the expression 

3/2 



^ + \r 1 \VT^)(e-^ + \r' 2 \VT=T)-\r 1 \\r> 2 \T\' 



<p,ip 



(2.25) 



where 



denotes an average over the variables ip 



and ip over the in terva l [0, 2-ir]. When r\ 



above expression (2.25) reduces to 



wo,o(T) 



1 



2VT' 



0, the 



(2.26) 



w(T) = 6(T), 



(2.30) 



so that the transmission tends to zero, as expected. Also, 
the distribution of tp consists of delta functions centered 
at 7r/2 and 37r/2, so as to ensure the vanishing of the 
wave function at the impenetrable barrier. In contrast, 
as already noted, the variable <f> is uniformly distributed 
from to 2n. In this limiting case we end up with a 
ballistic cavity connected to just one lead: thus the re- 
sulting 1- dimensional S matrix r — —e 2t< ^ is distributed 
according to the invariant measure. 

Now we go back to the intermediate case in which r' 2 
in Eq. ( 2.28 ) is real and — 1 < r' 2 < 0. We show in Fig. 
H ahead (Sect. LV) with dotted lines the evolution of the 



as it should. Fig. || ahead (Sect. Ill) shows with dot- analytical result ( 2.28| ) 
ted lines the evolution of u> rijI ^(T) for n = r' 2 = (r) 



T distribution for several values of r' 2 , obtained from the 



with the parameter (r) , obtained from Eq. ( 2.25| ) by nu- 
merical integration. That distribution tends to S(T) as 
(r> — 0. 

To further illustrat e the physics resulting from the S- 
matrix distribution (2.23) we analyze the special case 
r\ = 0, so that the right b arrier is the only one present. 
For this case, Eqs. ( 2.23| ), (2.21) give, for the joint prob- 
ability distribution of the parameters r, 0, ip, the expres- 



dP yXS) = 



,3/2 



dr d6 dip . „ , 

7TT 7T~- (2-27) 



I _ y/\ — T e 2*i> f> * 1 3 2y/r 2tt 2tt 



B. The scattering problem for TRI, LR-symmetric 
systems 

In the presence of additional symmetries, for fixed val- 
ues for all quantum numbers of the full symmetry group 
the invariant ensemble is one of the three circular ensem- 
bles in Dyson's scheme. Thus for reflection symmetric 
systems S is block diagonal in a basis of definite parity 
with respect, to reflections, with a circular ensemble in 
each blocklfl. 

For a system with TRI and LR symmetry the general 
form of the S matrix is 



We first notice that the angular variable (p is uniformly 
distributed for all r' 2 . In this particular case the T proba- 
bility density of Eq. (2.25) can be integrated analytically, 
to giveO 



S = 



r t 
t r 



(2.31) 



with 
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r T (2.32a) III. SYSTEMS WITH TRI AND FULL LR 

f ( 2 32b) SYMMETRY IN THE PRESENCE OF DIRECT 

PROCESSES 



All the matrices with the structure (2.31) can be si- 
multaneoulsy brought to block-diagona 
rotation matrix 



form using the 



i?o 



1 

71 



In In 
—In In 



(2.33) 



where In is the ./V-dimensional unit matrix. In fact 



S' — RqSRq 



«(+) 

S (") 



with 



s {±) =r±t. 



(2.34) 



(2.35) 



Since S is unitary and symmetric, so are S' and the two 
N x N matrices s^l While S has the restricted form 
(2.31), s*- ' are the most general N x N unitary and sym- 



metric, i.e. [3—1, matrices. 

1. The invariant measure 

Th e inv ariant measure for S matrices with the struc- 
ture ( 2.31 ) was found in Refs. Sj^, based on the consider- 
ation that two arbitrary unitary symmetric matrices 
can generate the most general unitary S matrix with the 
structure (|2.31| ). The invariant measure for matrices of 
the form (|2.31|) can be written as 



(2.36) 



where d/i^ (s^) is the invariant measure discussed 
above for unitary and symmetric matrices ((3 — 1) in 
the absence of spatial symmetries. 



2. Chaotic scattering by systems with full LR symmetry in 
the absence of direct processes 

It has been foundi that single-electron scattering by 
classically chaotic cavities with LR symmetry and in the 
absence of direct processes is well described by the in- 
variant measure discussed above. 

The N = 1 case. The T distribution. Ref. |] finds the 
distribution of the total transmission coefficient T for the 
one-channel case (N = 1) arising from the invariant mea- 
sure (2.36) as 



w(T) 



TTy/T{l-T)' 



(2.37) 



In this section we study a T RI system with full LR 
symmetry, just as in Sec. [II B| , but now admitting the 
possibility of dire ct processes. For the systems ana- 
lyzed in Sec. II B, the average (or optical) S matrix (S) 
vanishes, indicating the absence of a prompt response, 
whereas now (S) =/= 0. 



The S matrix has the structure of Eq. fl2.3l| ) , and so 
does (S), i.e. 



(S) 



(t) 



(t) 



with 



(3.1) 



(3.2a) 
(3.2b) 



being N x N blocks. Both S and (S) can be b rough t to 
a block-diagonal fo rm b y the rotation matrix ( 2.33| ): S 
becomes 5" of Eq. (2.34) and (S) becomes 



(S>) = Ro (S) R% = 



(s<+>) 

o (»(-)) 



(3.3) 



As we noticed right below Eq. (2.35), > are the most 
general N xN unitary and symmetric matrices; they thus 
belong to the (3=1 universality class. Their distribution 
is given by two statistically independent Poisson's kernels 
of the form fl2.S|), with (s^) as their optical matrices. 
Denoting by dP/g) {S) the S matrix distribution, we have 

dP {s) (S) = dP {s(+)) («<+>) dP {sl . )} («(")) , (3.4) 

where 



^( S ( ± ,)(* (±) ) 

det (l N - ( fl (±>) (s(±)) 



[N+l)/2 



det (/ w - S (±)( S (±)) t ) 
We can thus write dP/g) (S) as 



N+l 



■d^ (1) (s (±) ). (3.5) 



dP {S) (S) 



det (/ N -( s (+))( s (+)) i 



(JV+l)/2 



det I 



'N 



det (j JV - s C+)( s (+)) t ) 

+ N i <N+l)/2 
(,(-)> ( S (-)> tN1 



N+l 



det (l N - s(-) (s(-)) f ) 



N+l 



d/t (1) (5) (3.6) 



where dfi^(S) is defined in Eq. ( p6[ ). 

The special case of no direct transmission, (t) = 0, i.e. 



5 



(S) 



(r) 
(r)J> 



(3.7) 



can be written as 



dP {r) (S) 



det I N - (r) (r 



N+l 



det (l N - s(+) (r) 1 ) det (/jv - a(-) (r) f ) 



AT+l 



(3.8) 



Physically, this case could be realized by fully LR- 
symmetric structures with no direct processes, to which 
identical barriers (with the (3 — 1 symmetry) are added 
in the two leads, each with a reflection matrix [see Eq. 



(2.18)] 



n=r 2 = [r) 



(3.9) 



The situation is illustrated in Fig. [| ahead but with 
equals barriers. 



A. The N = 1 case. The T distribution. 




0.4 0.6 

T 

FIG. 2. Shown with a heavy line is the evolution of 
the distribution w/ r \(T) of Eq. (3.11) with the parameter 
(r) = — cos e for a chaotic cavity with full LR symmetry. 
The cases e = §> Zi IT i H are snown in (a), (b), (c), (d), 
respectively. The dotted lines show for comparison the T dis- 
tribution corresponding to an AS cavity with two identical 
barriers. 



For (r) = 0, the distribution of Eq. (3.11) reduces to 
that of Eq. (2.37), which is symmetric with respect to 
T = |, so that T and R = 1 — T are identically dis- 
tributed; this feature is lost when (r) ^ 0, as small T's 
become more probable. As (r) — ► — 1, both distribu- 
tions shown in the figure (i.e. for LR-symmetric and AS 
systems) tend to 5(T). 



In this case, Eq. (^8) reduces to 
dP {r) (S) = 



l-s(+)(r)*| 2 |l-s(-)(r)*| 2 

(3.10) 



where (r) and s^' are now lxl matrices, i.e. just com- 
plex numbers. The distribu tion of T can be obtained 
from the general expression ( 2.24 ). For (r) real, some of 
the relevant steps are found in App. |B| the final result 
being 



W{r) (T) = 



(l + (r) 2 ) (l-(r) 2 ) 



Tiyr(i-r) ^ + ^ _ 4 ^ 2 (1 _ r) 

(3.11) 



The distribution ( |3.11 ) is plotted in Fig. || for several 
values of (r) and compared, in the same figure, with the 
distribution correspon ding to an AS cavity with the same 
(5), as given by Eq. (EE25). 



IV. BREAKING THE REFLECTION SYMMETRY 
OF CAVITIES BY DIRECT PROCESSES 



In this section we study a TRI configuration consist- 
ing of a ballistic cavity with LR symmetry and scattering 
matrix So, connected to two symmetrically positioned 
waveguides by means of barriers described by Si and S2 , 
respectively; in general, the barriers are allowed to be 
different. This arrangement introduces direct reflections 
and a breakdown of the reflection symmetry (see Fig. |^) . 
As a result, while the scattering matrix So of the cavity 
plus the symmetrically positioned waveguides, but not in- 
cludin g the barriers, has the restricted structure ( p. 31 ), 
( |2. 32 ), the scattering matrix S of the total sys tem includ 



ing the barriers has the more general form (2T), fj2.5|). 
Now, S i s gen erated from So through the inverse of the 
relation ( 2.15| ); thus, varying So across its manifold of 
independent parameters, but keeping the barriers fixed, 
generates a matrix 5" that varies over a manifold with 
the same dimensionality. In what follows we restrict our- 
selves to the one-channel case (N = 1) in each lead. The 
matrices £0 can be expressed in terms of two indepen- 
dent continuous parameters (plus a discrete parameter 
a), as in E q. (4.9) below, while S has the more general 
form ( 2. 20] ); thus there should be an algebraic relation 



G 



connecting the three continuous parameters r, </>, ip ap- 
pearing in the latter equation. 



S = 



to r a 



(4.4) 




FIG. 3. A ballistic cavity with reflection symmetry de- 
scribed by the matrix 5*0, connected to two waveguides by 
means of two barriers described by Si, 52. The barriers give 
rise to direct processes and, if they are different, the LR sym- 
metry of the full system is broken (external mixing). 



We want So to be distributed according to the invari- 
ant measure djl(So). In principle, the transformation be- 
tween 5*0 and S (for fixed Si and S2) defines uniquely 
the resulting statistical distribution of S, to be called 
dP(S) [see Eq. $L2§ ]; for that purpose one could find 
the Jacobian of the transformation relating S to So-, both 
matrices being subject to the restrictions explained in the 
previous paragraph. In what follows, though, we find it 
convenient to compute dP(S) proceeding along a simpler 
route, taking advantage of the Jacobian between unre - 
strictedS matrices that we already know from Eq. ( 2.16 ) . 
In fact, the measure djl(So) can be first expressed as the 
measure dfi( Sp) of unrestricted Sq matrices of the form 
of Eq. ( |4.5| ) below, times the appropriate delta func- 
tions that provide the required restriction [see Eq. (4.6)] 
among the three parameters To, </>o, V'o- Next, Eq. (2.1£) 



expresses dfi(So) in terms of dfx(S), the factor in front of 
d[i(S) in Eq. (2.16) being the Jacobian of the transfor- 



mation from unrestri cted Sq to unrestricted S matrices. 
Finally, the identity ( 4.21 ) gives the required distribution 
dP(S) for the S matrices. We proceed to implement this 
scheme in detail. 

The relation between the scattering matrix So for the 
cavit y and the matrix S for the full system is given by 
Eq. (|2.15D , with 



n 



h - t' h 



n 
r'o 



h 
t 2 



r 2 



(4.1) 



(4.2) 



Here all the matrices are 2-dimensional, so that the var- 
ious entries are just complex numbers. We thus have 



So =t b 1 (S - r b ) 



1 



rJS 



(4.3) 



The matri x S h as the structure (2.20), while So has the 
structure ( [2.31 ), i.e. 



It will be useful to write £0 of Eq. (4.4) in the polar 
representation (2.20) as 



5*o = 



VI -T e 



2-id'u 



Toe 



Toe .(0o-N>o) yr— ^ e 



(4.5) 



However, the three parameters To, </>o and tpo are no t in - 
dependcnt. In fact, the structure of So given in Eq. (4.4) 
implies a relation between the two angles </>o and f/'Oi i- e - 



or, taking the square root on both sides 



where a = ±1. Equivalently 



tpo = 0o + c-, mod(27r). 



The most general form of Sq is thus 
So- 



icrJni V 1 - To 



a 2i<t>0 



(4.6) 



(4.7) 



(4.8) 



(4.9) 



written in terms of the independent parameters To, 4>o 
and the discrete variable er, which have the range of vari- 
ation 



to G [0,1], 
4>o e [0, 2tt] 
a = ±1. 



(4.10a) 
(4.10b) 
(4.10c) 



From (^33|) -(^35|), the matrix S can be diagonahzed 
by a 7r/4 rotation to give 



°o — 



e l9 o 



e l0 o 



where 



e ia ° =r ±t = -e 



_ _ 2i4>o±iaf3 



and 



/3o = tan 



TO 



1-T0 



7T „ 7T 

— < B Q < -. 
2 2 



(4.11) 



(4.12) 



(4.13) 



With the range of variation ( |4. 1C| ) for t , (j>o and a, 



e 

and e l6 o ' cover twice the torus defined by the two angles 
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Eq. (4.12) is a transformation from the parameters To, 



</>o and a to the parameters 0q + \ 9q \ whose Jacobian 
can be written as 



i 



dO. 



(-) 
o 



dr 



2 2?r 2tt 



2^^0(1 -r ) 2vr 



^- (4-14) 



Both sides of this last equation integrate to 1 if the left- 
hand side is integrated in the region 9^ , 9q ' S [0, 2ir] 
and multiplied by 2 to account for the fact that the re- 
gion is visited twice, and the right-hand side is integrated 
in the region specified by (Oj ). 

Acc ording to Eq. (2.36), the left-hand side of Eq. 



(4.14) represents the invariant measure for So matrices 
with LR symmetry. A function /(tq, 0q, a) can be trans- 
lated into a function f(9$ ,9$ ) usm g the transforma- 



tion (4.12); its average over the So invariant measure can 
thus be written as 



^ d9 { +) 
2tt 



Jo 2tt 


-/(* 


dr 




7T\Ao(l - 


to) 



(+) 

>°0 / 



^ ^ firmer), (4.15) 



Here, on the left-hand side we integrate over the torus 
0q + \ 9 ' only once. Suppose now that we are given a 
function F(r o ,0o,'0o) = F'frp, (ftp, e"^°) of the three pa- 
rameters appearing in Eq. (4.5) and we want to compute 
its aver age over the above measure. First, we make use 
of Eq. (4.7) to eliminate ipo and write 



F(t o ,0 o >o) - F' (t , </>(,, e**) = F'(t , 0o, ure* ) 

(4.16) 



/(t o ,0o, ( t) = /(^ +) ,^ } ) 



where /(t o, 0q, er) and f{9^ > ,9 Q '), have the same mean- 
ing as m (pTlsb above. The average of this function can 
thus be written as in (4.15) and subsequently as 



1 



E 

<T=±] 



2 7T A/Toil - T ) Jo 27T 



2tt 



2tt 



2 7 71-^/7-0(1 - r ) Jo 
<5 (Vo - 0o - 7H + 5 (^0 - 0o 



d-0o 



F(t o ,0 o ,-0o), 
(4.17) 



where w e hav e used Eq. (4.8). Comparing the left hand- 
side of (4.15) to the right-hand side of (4.17) we thus 
write 



d9, 



(+) 




ddf' 2[<5(^o-0o-i)+^(^o-0o-3f)] 



2tt 2tt 



dT dfo dipo 



2^/tq" 2tt 2rr 



(4.18) 



where the symbol ~ indicates that the two measures are 
equivalent when the left and right-hand sides are used 
to integrate the functions f(9 < f > , 9$) and F '(t , (j> , ip ) , 
respectively, defined above. Obviously, the angles in the 
argument of the delta functions above are defined mod- 
ulo 2 7T. A s we have already noticed, the left-hand side of 
Eq. (4.18) is the invarian t mea sure djl(So) for scattering 
matrices Sq of the form (4.11), i.e. for a LR-symmetric 
cavity. On the o ther hand, Eq. (2.21) shows that the 
last line of Eq. (4.18) is the invariant measure dujSn) 
for scattering matrices Sq of the more general form ( |4.5j ). 
The relation between the two measures is thus 



2 [6 (jj - 0o 



-£(y>o-0o-3|)] 



dfi(So). 
(4.19) 



Here, the delta functions restrict the space of unitary 
and sym metr ic matrices to the subspace of matrices of 
the form @. 

As was explained at the beginning of this secti on, w e 
now express d(j,(So) in terms of d/j,(S) using Eq. ( 2.16 ). 
That equation reads, for the present case, 



dn(S ) 



det ( 1 2 - r b r t 



det /■ 



- Srf) 



3/2 

— d/j,(S). 



(4.20) 



We s ubsti tute this last equation into Eq. ( 4.19 ) and use 
Eq. ( |2.21 ) to express dfj,(S) in the polar representation. 
We also note that the measure dfl(So) appearing on the 
left-hand side of Eq. (4.19), i.e. the differential proba- 
bility associated with the matrices Sq [having the form 
(4.4)1 f° r the LR-symmetric cavity, must coincide with 
the differential probability dP rb (S) we are looking for, 
associated with the transformed matrices S [having the 
form ( 2.20| ), but with the appropriate restrictions], i.e. 



dP rb (S)=dji(So). 



(4.21) 



We thus have 



dP rb (S) ~2 



5 Oo - 0o - f ) + 5 - 0o ~ 3f ) 



det ( h - nr\ 



3/2 



det ( J, - Srt 



dT d ± d ±_ (4.22) 



2y/r 2tt 2tt ' 



There remains to express the variables V'Oj 0o> r o appear- 
ing in the delta-function arguments in terms of tp, 0, t. 
This is done in App. |^ for the particular case in which 
barrier 1 is transparent, so that its scattering matrix Si 
of Eq. 



(2.12) is t he P auli matrix a x , and barrier 2 is 
described by Eq. ( 2.13] ) with real matrix elements. The 



result is 



dP ,r> (S) ~ p r > (r, 0, -0) dr d(j> dip, 



(4.23) 
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with 



/ 9\ 3 / 2 , , 

(i-r' 2 2 ) |VT^T- 



vT=7(l 



(2^) 2 V7 



«W>)-3| 



(4.24) 



a(^) being given by Eq. (C7). We recall that the an- 



gles in the arguments of the delta functions are defined 
modulo 2ir. 

As a first check, set r 2 = 0, corresponding to the case 
of no barriers. We obtain 



1 



t) 2tt 

(^-0-|)+<j(V-0-3|)]#. (4.25) 



2. 



Thanks to the delta functions, we recover the situation 
of LR symmetry. As expected, the right-hand side of Eq. 
(4.25) is the in variant measure defined for that symme- 
try, Eq. ( 4.18 ). As a second check, we analyze the case 
r' 2 — > —1, that corresponds to obstructing the wav eguide 
on the right. We show in Appendix |j5| that ( 4.23 ) gives 
in this case 



dP ,-i (S) 



xt w d< ^ 1 



(4.26) 



The conductance distribution reduces to a one-sided 
delta function at zero, as it should. Notice that the vari- 
able <p is uniformly distributed in the two extreme cases 
r' 2 = and r' 2 = — 1; this is not so for an arbitrary value 
of r' 2 . In the limiting case r' 2 = — 1 we end up with a 
LR-symmetric ballistic cavity connected to just one lead 
(see Fig. |^): the resulting 1-dimensional S matrix, i.e. 
r = — e 2 ^, is distributed according to the invariant mea- 
sure: there is thus no memory left of the LR sym metry 
of the cavity. In fact, the rig ht-han d side of Eq . ( 4.26] ) 
is identical to that of Sect. |II A2| , Eq. fl2.29| ), for an 
AS cavity with the right waveguide obstructed. As we 
shall see later on, in Sec. this is a peculiarity of the 
1-channel case. 

To get the joi nt di stribution of t and <p for arbitrary 
r' 2 we integrate (4.24) over ip. We find 



1-r' 



3/2 



IvT^r-rU 2 ^ 



v/T^T ll-ri') -r' 



,re 



2 a: 



(4.27) 



The T = t distribution w(T) is obtained by integrating 
q r > 2 (t, (f>) over (j). Fig. [| shows (heavy lines) the evolution 



of w(T) with the parameter r' 2 . In the same figure we 
compare that sequence of distributions with those corre- 
sponding to an AS cavity (dotted lines) with the same r' 2 . 
In the former case the system "remembers" in a rather 
conspicuous way that, although the resulting configura- 
tion is asymmetric, the cavity has LR symmetry. 




FIG. 4. A ballistic chaotic cavity with reflection symmetry 
connected to just one lead, supporting one open channel, in 
the absence of direct processes. The 1-dimensional S matrix 
r = — e 2 "^ is distributed according to the invariant measure. 
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FIG. 5. The heavy line shows the evolution of the T dis- 
tribution obtained by numerical integration over <j> of Eq. 
(4.27) for a LR symmetric cavity and one barrier defined 
by r 2 — — cos e, as a function of the parameter e. Panels 
(a), (b), (c), (d) show the cases e = f , f , f , 55, respectively. 
The dotted lines show, for comparison, the distributions that 
correspond to an AS cavity and the same barrier as for the 
corresponding heavy lines. 



V. BREAKING THE REFLECTION SYMMETRY 
OF CAVITIES WITH AN ASYMMETRIC 
POSITION OF THE WAVEGUIDES 

In the present section we study the effect of external 
mixing of LR symmetry in the absence of direct pro- 
cesses, i.e. for (S) = 0: the problem will be that of a 







LR-symmetric cavity connected to two asymmetrically 
positioned waveguides in the absence of barriers. We 
proceed as follows. We first consider the LR-symmetric 
cavity connected to four symmetrically positioned waveg- 
uides (each supporting one open channel) by means of 
four, in general different, barriers, as shown in Fig. ^. 
The two barriers on the left side are then removed, while 
those on the right are made perfect reflectors. 




FIG. 6. A ballistic cavity connected to four waveguides 
symmetrically located, by means of four, in principle different, 
barriers. 



Sq 



ro to 
to r 



(5.5) 



where ro and to are 2-dimensional matrices. The matrix 
S of Eq. (5.1) then reads 



-h 



(5.6) 



The 1-1 block of the above expression is the 2x2 
scattering matrix of the final system consisting of a LR- 
symmetric ballistic cavity connected to two waveguides 
on the left (see Fig. 0), i.e 



s = r -t 



ro 



(5.7) 



Using the result (2.35) we can express ro and to as 



r °=2 



s (+) + s (-) 



(5.8) 



We call So the matrix associated with the LR- 
symmetric cavity connected to the four symmetrically 
located waveguides in the absence of barriers. The ma- 
trix S in the presence of the four barriers is then given 
by Eq. O, i.e. 



S = r b + t' 



1 



— So h , 



where 



h — t' b — 

















t 2 














h 





Vo 








*4 



(5.1) 



(5.2) 



«(+) 



,(-) 



(5.9) 



where s^' are 2x2 unitary and symmetric matrices. 

A numerical calculation was performed, in which 4- 
dimensional So matrices were generated with a distri- 
bution corresponding to their invariant measure: this 
was d one b y co nstructing an ensemble of matrices, 
Eqs. (5^), (5.9), distributed as two independent COE's. 
From Eq. (5.7), the resulting S matrices were then eval- 
uated. 

















''2 














r's 






















r' 9 



r 3 
r 4 



(5.3) 

As explained above, we now open the left waveguides 
and block the right ones by means of perfect reflectors, 
so that 



h —t' b — 



h 2 
2 2 



n 



02 

o 2 



o 2 

-h 



(5.4) 



where J 2 and 2 denote the two-dimensional unit and 
zero matrices, respectively. 



The 4x4 matrix So has the structure (2.31), i.e 




FIG. 7. A ballistic chaotic cavity connected to two asym- 
metrically located waveguides, without direct processes. The 
2-dimensional S matrix is not distributed according to the 
invariant measure, but it is close. 
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The distribution of the resulting transmission coeffi- 
cient T is shown in Fig. ^. For comparison, the distribu- 
tion l/2y/T corresponding to an AS cavity connected to 
two one-channel waveguide and with (S) — is shown 
with dotted line. Although the LR-symmetric cavity 
with external symmetry breaking has a T distribution 
very close to l/2\/T, there is a statistically significant 
deviation which indicates that the resulting system has 
a memory of the point symmetry of the cavity. This is 
to be contrasted with the result mentioned right before 
Eq. _( 4.27 ) for the single 1-channel cavity illustrated in 
Fig. 



25000 



20000 - 



15000 - 



S 

5 10000 



5000 



system consists of a ballistic cavity with reflection sym- 
metry connected to two symmetrically positioned waveg- 
uides by means of barriers which, in general, are allowed 
t o be differe nt (F ig. |J). We found analytically, in Eqs. 
(4.23) and (4.24), the statistical distribution of the S 
matrix for the one-channel case in each waveguide and, 
for simplicity, when only the barrier in the right waveg- 
uide is present (r' 2 ^ 0). The T distribution is strik- 
ingly different from that for the fully AS case (i.e the one 
in which the cavity itself is AS) having the same opti- 
cal (S) matrix, as shown in Fig. ^ for various values of 
r' 2 7^ 0. We conclude that this two-waveguide system, al- 
though asymmetric with respect to the LR operation, has 
a memory of the reflection symmetry of the cavity from 



which it is constructed. In the limit 



T the right 



waveguide is blocked and we end up with a LR-symmetric 
ballistic cavity connected, without any barrier, to just 
one lead, supporting one open channel (see Fig. [|). We 
found that the resulting 1-dimcnsional matrix S — e lS is 
distributed according to its invariant measure (i.e., 9 is 
uniformly distributed) and, as a result, has no memory 
left of the LR symmetry of the cavity: this was found, 
though, to be a peculiarity of the one-waveguide-one- 
channel case (in fact, see the end of next paragraph). 
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FIG. 8. The T-distribution for a LR symmetric cavity con- 
nected to two asymmetrically located waveguides. The dotted 
line correspond to an AS cavity connected to two waveguides. 



VI. RESULTS AND CONCLUSIONS 

One of the main purposes of the present paper has been 
the extension of previous studies on transport through 
ballistic chaotic cavities with reflection symmetry to in- 

we 



elude the presence of direct processes. In Sect. Ill 



treated the problem of fully left-right (LR) symmetric 
systems in the presence of direct processes. The statis- 
tical dist ribution of the S matrix, found analytically in 
Eq. ( |3.6|) , consists of the product of two Poisson's kernels 
with the optical matrices (s^) and (s( '), respectively. 
For no direct transmission processes, (t) — 0, and real 
direct reflections (r), we calculated analytically the dis- 
tribution of the transmission coefficient w(T) for the one- 
channel case. The difference with the T distribution for 
an asymmetric cavity (AS) with the same optical matrix 
(S), which is striking for (r) = 0, becomes less dramatic 
as |(r)| increases: that evolution is shown in Fig. g. 

The other main purpose of this work has been the 
study of LR-symmetry breaking by an asymmetric cou- 
pling of a LR-symmetric cavity to the outside. Two ways 
of producing "external mixing" of the spatial symmetry 
were analyzed: 

a. In Sect. IV we studied the effect of breaking the 
reflection symmetry of a cavity by direct processes. The 



b. In Sect. we studied, in the absence of direct 
processes, the effect of external mixing of LR symme- 
try induced by an asymmetric position of the waveguides. 
The result is a LR-symmetric cavity connected, with- 
out any barriers, to two waveguides on its left-hand side 
(see Fig. [?]). Let T denote the total transmission co- 
efficient between those two waveguides; its distribution 
w(T) was calculated numerically for the one-channel case 
in each waveguide and compared, in Fig. ||, with 1/2 y/T, 
the T distribution arising from the invariant measure 
d/j,(P =1 \S) for AS systems. Although the difference be- 
tween the two distributions is quite small, it is statis- 
tically significant. This problem is clearly equivalent to 
having, on one side of the cavity, just one waveguide (cou- 
pled to the cavity without any barrier) supporting two 
open channels. In this one- waveguide-two-channel prob- 
lem the resulting S matrix is thus distributed very closely 
to its invariant measure, the difference exhibiting some 
memory left of the reflection symmetry of the cavity. 



Two additional points are worth mentioning. First, 
from an experimental point of view, we notice that mi- 
crowave cavities and acoustic systems might represent 
good possibilities to study the interplay between the sym- 
metry of the cavity and external mixing in the statistical 
distribution of the conductance of such a structure. Fi- 
nally, the problem described in ^ above is relevant to the 
study of transport between two one-channel leads con- 
nected by a "double" Cayley treeEj. In fact, under suit- 
able circumstances the two problems can be mapped unto 
each other. This problem will be reported elsewhere. 
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PoA T A) = S A) 2 



(A7) 



APPENDIX A: DERIVATION OF EQ. (2.29) 



We saw in Sec. |HA2| that the distribution dP {s) (S) of 
the scattering matrix of a cavity connected to two waveg- 
uides, where the one on the right of the cavity has a 
barrier, is given by 



dPoyAS) = 



(l-l^l 2 ) 



3/2 



dr d(b dib 

WZTt- ( A1 ) 



To see the behaviour of dP Q <r t for r' 2 = — 1, let r' 2 be a 
real number: assume for simplicity r' 2 = — cos e; we are 
interested in the limit e — ► 0. Also, let us introduce 
the positive parameter r\ <C 1 in order to avoid the inte- 
grable singularity in r. Of course, we will take the limit 
rj — > later on. Because the variable (f> is uniformly 
distributed, the joint probability distribution of r and ip 
can be written as 



P n A T > VO 



sine 



An At + if- 1 1 + cos ey/l - r e 2 ^ I 



(A2) 



Finally, the distrib ution of the S matrix in the above 
limit is given by Eq. ( [2.29 ). 



APPENDIX B: DERIVATION OF EQ. (3.11) 



For (r) real and s^' — e j6l± , Eq. (3.10) can be written 



as 



dP {r} (S) = 



1 - (r) 2 1 - (r) 2 66 + d6 



1 - (r) e l8 + II - (r) e 



£0_ 



if IF" (B1) 



Th e transmission amplitude is given by [see Eq. 



1 



and the transmission coefficient is written as 
T=|*| 2 = ±[l-cos(0+-0-)]. 



where C„ is a normalization constant which depends on Thc T distribution W{r) ( T ) is obtained from 



the parameter r/. 

We have the following properties of Pr/,e( T ' 

1. From ( |A^ ) we see that 

PoA T A) = lim limj>„ )£ (T,V>) = (A3) 

7j— »U e^O 



for all t and ip, except for r = and tp = §,3-|, 
where the denominator is zero 



\i + VT 



t e 



2itp I 



0. 



(A4) 



(B2) 



(B3) 



w ir) (T) = y S\T - - [1 - cos (9 + -9_)}J dP (r) (S). 

(B4) 

We make the following change of variables in order to 
solve the integral: 



(B5) 



2. For r = and ip = f , 35 we have 
Po,o = 0,-0 = -,3-J 



lim 



i lim p„ £ ( 



lim lim — — 

rj— >0 c^0 47T77 



7T 7T 

r = 0,V = ~,3- 



2' 2 



e 

cot - 
2 



3. The function po,o( r : is normalized to the unity: 



1 /.27T 

dr / Po,q(t, V>) 

n JO 

,■1 /.27T 

lim dr dtp p„ £ (r, V) = 1 (A6) 



the range of variation are: for 6*' £ (0, 2-7r), 6* 6 (—9', 9') 
and for 0' G (tt, 2tt), 9 G (-2tt + 0', 2tt - 0'). 

Substituting (Bl) in (B4), considering the fact that the 
integrand is an even function of 9 and writing the delta 
function in terms of its roots in the variable 9 we have 



(A5) S (T - 



1 



sin" V = 



2y/T(l-T) 



[5 (9 - 9,) + S (9 - 9 2 )} 



(B6) 



where 9 2 = n — 9\ and 0i = arcsin y/T; finally, after some 
algebra, (T) can be written as a sum of two terms: 



w (r)(T) 



l-(r) 



*»y/T(l-T) 



[h(T,(r))+l2(T,(r))}, (B7) 
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where, for k = 1, 2, 
h(T, (r)) 
d6>' / d0- 



o Jo 



1 + (r) -2(r)cos( 



S{9-9„) 



1 + (r) 2 ) - 2 (r) cos 



(B8) 



Again, after some algebra the sum of the two integrals 
give a single one: 



h(T, (r))+h(T, (r» 



where 



1 r 



69' 



c Jo a — b cos 9' + cos 2 0' ' 
(B9) 



l + (ri J -4(r) 2 T 



( 

b = ~ (r) (l + (r) 2 ) T, 



(BIO) 



c = 4 (r) 



Now, making the change of variable x — cos 9', (B7) can 
be written as 



w (r) (T) 



l-(r) 



[I+(T,(r)) + I-(T, (r))], 
(Bll) 



where now 



I±(T, (r)) = 



/o \/l — a; 2 (a ± bx + x 2 ) 

By means of a change of variables 

_ x + (A + B) 
U ~ x + {A-BY 

x-(A + B) 
V ~~x-(A-B)' 

where 



(B12) 



(B13a) 



(B13b) 



Indef- = — 



2B 



CD J ^v 2 +p(v 2 + q) 



dv. (B16b) 



where 



and 



a — b(B + A) + (B + Ay 
a + b(B-A) + (B-Af 
1-{B + Af 
l-(B-A) 2 



C =1-(B-A) 2 , 

D = a + b(B — A) + (B — A) 2 . 



(B17) 
(B18) 

(B19) 



Although the integrals ( B12| ) seem to give the same 
result under the change b — > —b, they do not, because 
t he cu toff x u = B — A in (B16a), and x v = A — B in 
(B16b), are different. One must be careful evaluating 
the integrals in the limits. The results are 



2B 



arctan 



1 - (r) 



1 l n | l + +2(r ) VT 



1+ r -2(r VT 



(B20a) 



2B 



VCD^P^ 



7r — arctan 



l-(r) 



1 , / l + (r) 2 + 2(r)\/T 
: 111 



2^ \1 + (rf - 2 (r) VT 



2 (r) VT^t y 

(B20b) 



No w, we substitute the sum of equations (B20) in 
(Bll) to obtain the result 



w {r) (T) 



(i-<o 2 y 



2nB 



4 (r) z 7T 2 v/T(l-T) VCDVp^q 



(B21) 



using Eqs. Pp), ( gig ), plTj ), ( |B18| ) and ( |B19| ) the 
final result (|3.1lD is obtained. 



A=-(l + a), 



B = -V(l + a )-& 2 , 



(B14) 
(B15) 



the indefinite integrals, Indef±, corresponding to each 
one of the above, can be transformed to 



Indef^ 



2B 



\u + l\ 



CD J y/u 2 +p (u 2 + q) 



du, (B16a) 



APPENDIX C: DERIVATION OF EQS. (4.23), 
(4.24) 



For the particular case in which barrier 1 is transpar- 
ent [s ee Fig. ||, so that its scattering matrix Si of Eq. 
( |2.12 ) is the Pauli matrix a x , and barrier 2 is described 
by Eq. (2.13) with real matrix elements, Eq. (4.22) can 
be written as 



13 



dP y(S) ~2 



S (Vo - 0o - f ) + S (^o - - 3f ) 



(l-Ti 



2X 3/2 



|l - Tr^e 2 ^ 3 2^ 2tt 2tt ' 

Also, the transformation S'o(S') given by Eq. 
be written in terms of its elements as follows: 



(CI) 

|) can 



ro = 



to = 



1 


1 


- r' 2 r' 




1 


1 


— r' 2 r' 




1 


1 


- r' 2 r' 



(C2) 



or in term s of the independent parameters [see Eqs. ( 2.2C ) 
and (4.5)] as: 



yi^T - rJ, e 2 ^ 
•\/T— <~ - i''< ' 



1 - r!,VT^e 2 ^ 

/ p -2«/> 



1-r'VT 



t e 



i(tpo+ipo) 



l-r'VT 



From (|C3a|) or ( |C3b| ) we find 



V 7 ! -t(°) 



k/T 



I p 2iip\ 



|1 - VT^T^2 ^"T 

also, dividing the ( C3a| ) by (C3b) we obtain 



„2iW> o -0 o ) = e 2«(V-0) V 1 ~ T ~ r 2 e 

VI - r - e 2 ^ 



(C3a) 
(C3b) 
(C3c) 

(C4) 

(C5) 



Becau se the roots of the delta functio ns a ppearing in Eq. 
( ^22|) satisfy e 2i ^°~ 4 '^ = -1, from © we find 



2«A 



_ g 2i0 e 2ia(0) 



where 



yj— F_ r ' e -2*^ 



k/1 — T — To e 2 ^ 



(C7) 



Then, we have the conditions for ip: 

ip-(f>- a{4>) = f for Vo - 0o = f 
ip — 4> — ol{4>) = 3f for Vo — 00 = 3f . 

The Jacobian for the transformation ipo — ► ^ is 



(C8) 



00 ^ - 0o) 



(l-r)-ri' 



K/1 — t — e" 2 ^ 



(C9) 



Then we write 



i i ,A 2n+1 



— -7- — T-' p- 2 ^ I 



(l-r)-r- 



ip — <p — a(0) 



2n+ 1 



for n = , 1. 

From @ and © wc find 



vT^T - r' e 2 ^ 



yr^T - r' e 2 ^ 



1-rU/T 



(CIO) 

(CH) 
(C12) 



Finally, substituting Eqs. Q, (|C10| ), (|cT|) and (|cT|) 
in Eq. (CI), we arrive to 



dPo, r ' ( T , 0, "0) ~ Pr> (r, 0, -0) d(j> dip, (C13) 



where p r / (r, 0, -0) is given by Eq. ( 4.24 ) 



APPENDIX D: DERIVATION OF EQ. (4.26) 

In Se ct. |IV| we find the joint distribution of r, and 
ip [Eq. ( |4.24| )1. From that it is easy to integrate over ip 
to find the joint distribution of r and to be 



q r ' (t, < 



1 - r'- 



3/2 



(Dl) 

As in App. |X| we assume for simplicity r 2 = — cose; 
again we introduce the parameter rj <C 1. Of course, we 
will take the limits rj, e — ► 0; then 



(C6) QnA T >' 



Cri | sin e| 



\/l — t + cos e e 2 



2tt 2 



r sin e + r cos e e 



2i0| 



(D2) 



where is a normalization constant which depends on 
V- 

Again, as before we have the following properties for 
QnA T , 0) : 



1. From (D2) we see that 



go,o(T,0) = lim lim gw(T, 

r;^0 e^0 



(D3) 



for all t and 0, except for r = and = f,3^, 
where the denominatror is zero: 



Vl — t sin e + r cos e e 



2i0| 







(D4) 
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2. t ^ and 



It is easy to see from (D2) that in this case 



90,0(1" ^ 0» = lim lim <fo, e (r, </>) = 0. (D5) 

i) e— *0 



f , 3| we have 



3. For t — and c 

9o,o (r = Q,0=- J 3-j 

= ^0^0^ ( T = M= f' 3 f 



lim lim 



77^0 e^o 2n 2 ?] 



tan ■ 



(D6) 



4. For t = 0, ^ |,3f we obtain 

/ 7T 7T \ 

90,0 (r = 0,^ -,3-J 



lim lim q v<e ( r = 0, cb 7^ ^,3^ 

jj— >0 e^0 V Z Z 

,. C r , |l + cosee 2 ^| 
hm lim 



»?^o e^o 27r 2 7y |sine| 



00. (D7) 



5. Also, the function 5o,o(T)^ ) ) is normalized to the 
unity: 

1 <.2tt 

/ <7o,o (t, 0) 
11 Jo 

1 /.2:r 

lim / dr q n , e (T,4>)dTd<f> = 1. (D8) 



77,e->0 



Jo 



These conditions defines the function 
9o,o (t,0) = <5(r) — . 



(D9) 



We thus arrive at Eq. (4.26) 



t Also at Institute de Fi'sica, Universidad Nacional 
Autonoma de Mexico, 01000 Mexico Distrito Federal, 
Mexico. 
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